Abstract. This paper is the second of a series in which a general theory of a priori error estimates for scalar conservation laws is constructed. In this paper, we focus on how the lack of consistency introduced by the nonuniformity of the grids in uences the convergence of ux-splitting monotone schemes to the entropy solution. We obtain the optimal rate of convergence of ( x) 1=2 in L 1 (L 1 ) for consistent schemes in arbitrary grids without the use of any regularity property of the approximate solution. We then extend this result to less consistent schemes, called p?consistent schemes, and prove that they converge to the entropy solution with the rate of ( x) minf1=2;pg in L 1 (L 1 ); again, no regularity property of the approximate solution is used. Finally, we propose a new explanation of the fact that even inconsistent schemes converge with the rate of ( x) 1=2 in L 1 (L 1 ).
1. Introduction. This is the second of a series of papers in which we develop a theory of a priori error estimates, that is, estimates given solely in terms on the exact solution, for numerical methods for the scalar conservation law 11] v t + r f(v) = 0; in (0; T) R d ; (1.1a) v(0) = v 0 ; on R d :
(1.1b) In the rst paper of this series 4], we constructed a general approach aimed at obtaining a priori error estimates for numerical methods for scalar conservation laws by a suitable modi cation of Kuznetsov approximation theory 12]. We illustrated the approach by establishing optimal error estimates for the Engquist-Osher scheme 5] on one-dimensional uniform grids without using any smoothness property of the approximate solution generated by the scheme; in previous work, 2], 3], [13] [14] [15] [16] 23] ). The extension of this result to the case of nonuniform grids is by no means trivial since the nonuniformity of the grids introduces a \loss" of consistency (see, for example, Ho man 9], Pike 21] , and Turkel 25] ) which, nevertheless, does not deteriorate the rate of convergence of the global error. This paper is devoted to the study of this supraconvergence phenomenon, that is, to the study of the relation between the part of the truncation error generated by the lack of consistency of the scheme and the global error.
Supraconvergence of numerical schemes has been analyzed in a variety of cases. For example, Manteu el and White 17] studied supraconvergence for linear, secondorder boundary value problems, Kreiss et al. 11] for high-order linear di erential equations, B. Wendro and A.B. White 27, 28] for nonlinear hyperbolic systems, Garc aArchilla and Sanz- Serna 7] for third-order nite di erences, and Garc a- Archilla 6] for the Korteweg-de-Vries equation. To illustrate this supraconvergence phenomenon in our setting, let us consider the standard Engquist-Osher scheme on nonuniform grids, i.e., (u n+1 j ? u n j )= t + (f EO (u n j ; u n j+1 ) ? f EO (u n j?1 ; u n j ))= j = 0; n 2 N; j 2 Z; with numerical ux f EO (a; b) = f + (a) + f ? (b), f + and f ? being respectively the increasing and decreasing part of f. As usual, j = x j+1=2 ? x j?1=2 denotes the cell centered around the node x j . Assuming that the solution v is smooth, the (formal) truncation error is given by TE f (t n ; x j ) = TE f visc + TE f cons + TE f where v n j stands for v(t n ; x j ) and j+1=2 = ( j + j+1 )=2. The above terms correspond respectively to the numerical viscosity of the scheme, to the consistency of the scheme, and to some \high-order" terms; note that the term TE f cons vanishes if uniform grids are considered. It is easy to see that the (formal) truncation error tends to zero upon re nement if j varies smoothly with respect to j. Convergence can thus reasonably be expected in this case. On the other hand, if non smooth grids are considered, the scheme is not consistent. Indeed if, for instance, the grids : : : ; x=2; x; x=2; x; : : : are considered, the term TE f cons does not tend to zero, and thus neither does the (formal) truncation error TE f (t n ; x j ).
The following numerical example shows that the inconsistency of the scheme on rough grids does not prevent it from converging at the optimal rate. In Figure  1 below, we display the performance of the Engquist-Osher scheme on the classical example of the Burgers' equation with periodic boundary conditions and a sinusoidal initial condition (see 8] for details).
About 400 randomly generated {and thus non smooth{ grids were considered.
The global L 1 -error at the nal time is represented with respect to x, size of the largest element. In Figure 1 (left), the exact solution is smooth; the convergence rate is one. In Figure 1 (right), the exact solution exhibits a discontinuity but, interestingly enough, the scheme converges without any loss in the numerical rate of convergence. This shows that the (formal) truncation error is a poor indicator of the quality of a numerical algorithm. In this paper, we obtain the proper de nition of the truncation error and show how to use it (i) to obtain a priori error estimates for ux-splitting monotone schemes in nonuniform grids, and (ii) to explain the supraconvergence phenomenon. Although Sanders 22] did establish an optimal error estimate for monotone schemes on nonuniform grids, his analysis relied on several regularity properties of the approximate solution, in particular total variation boundedness. This is a point of signi cant importance, if one recalls that even the simplest schemes, the monotone schemes, have not been proven to generate approximate solutions with this kind of regularity, when de ned on general triangulations. In this paper, to obtain our a priori error estimates, we do not use any regularity property of the approximate solution; as a consequence, we are forced to use suitable de nitions of consistency. Thus, we obtain the optimal rate of convergence of ( x) 1=2 in L 1 (L 1 ), for consistent schemes in arbitrary grids.
We also consider a class of numerical schemes of varying degree of consistency called p?consistent and prove that they converge to the entropy solution with the rate of ( x) minf1=2;pg in L 1 (L 1 ). In both cases, no regularity property of the approximate solution is used.
To explain the supraconvergence of the numerical schemes under consideration (which was proven by Sanders 22] ) we allow ourselves to use the total variation boundedness of the approximate solution but only to estimate the term that appears in the proper truncation error due to the inconsistency introduced by the nonuniformity of the grids. We show that the optimal rate of convergence of ( x) 1=2 in L 1 (L 1 ) can be obtained, even for inconsistent schemes, because the consistency of the numerical ux and the fact that the scheme is written in conservation form allow the regularity properties of the numerical approximation to compensate for the lack of consistency of the scheme; the nonlinearity of the problem does not play any role in this mechanism. To the knowledge of the authors, this is the rst rigorous explanation of a supraconvergence phenomenon for hyperbolic problems with low regularity; the study of B. Wendro and A.B. White 27, 28] on hyperbolic systems is formal and applies to smooth solutions only.
Finally, we strongly emphasize that, although all our results are stated and proved in a one-dimensional framework, they can be immediately extended to the case of multidimensional problems, provided the grids are Cartesian products of nonuniform one-dimensional grids. The case of time-varying meshes will not be considered in this paper since it would add a great deal of complexity to the already very technical analysis presented. To the authors' knowledge, no such result is available in the present context. The paper is organized as follows. In x2, the numerical schemes under consideration are presented, related technical assumptions are discussed, and the main results are stated and discussed. In x3, we give a proof of our main result. Concluding remarks are o ered in x4.
2. The numerical schemes and the main results. a. The numerical schemes. Given a partition of R + , ft n = n tg n2N , and a grid or partition of R, f x j+1=2 g j2Z , we de ne an approximation u to the entropy solution v of (1.1) (with d = 1) as the piecewise-constant function u(t; x) =u n j ; for (t; x) 2 t n ; t n+1 ) (x j?1=2 ; x j+1=2 ); Note that for 0?smooth grids like : : : ; x=2; x; x=2; x; : : : , the schemes above are 0?consistent and clearly inconsistent, except for the scheme obtained with = 0. We are now ready to state our error estimate which, following 4], is expressed in terms of the numerical viscosity associated to the scheme under consideration and in terms of the measure of consistency introduced above. 
? j j var;1=2 + j j var;1=2 + j v 0 j TV (R) ( b 1 ( x) 3=4 + b 2 x ); where k v k = sup j2Z sup w2R(v0) j (w) and the local viscosity coe cient j is given 
In 
For consistent schemes, we have that j+1=2 , j+1=2 , and we can write 
Note that even for 0?smooth grids, the optimal rate of convergence of O(( x) 1=2 )
is achieved by the above schemes.
c. Sketch of the proof. In what follows, we give an overview of the proof of Theorem 2.1 which is given in full detail in x3. We start with the following approximation inequality 4, Proposition 7.6]. If e(t n ) denotes the error k u(t n )?v(t n ) k L 1 (R) , then e(t N ) 2 e(0) + 8
div (u; v; t n )=W (t n ) ? E diss (u h ; v; t n )=W (t n ) ; where the so-called dual form E ? div (u; v; t n ) is, in this case, nothing but the truncation error and the form E diss (u h ; v; t n ) contains the information on the entropy dissipation (or \hyperbolic coercivity") of the numerical scheme. The third term in the right-hand side re ects the fact that the scheme is rst-order accurate in time. The parameters x and t are auxiliary positive numbers that will be suitably chosen after obtaining the estimates of the forms E ? div (u; v; t n ) and E diss (u h ; v; t n ). The functions !; , and W are auxiliary functions to be precisely de ned in x3.a.
Since the numerical schemes under consideration are monotone, it can be easily proven that ?E diss (u h ; v; t N ) 0; under the condition (2.4) on the size of t.
To estimate the dual form E ? div (u; v; t n ), we rst show that it is bounded by the truncation error E ? div (u; v; t n ) TE(u; v; t n );
and then we obtain the corresponding estimate.
To illustrate the estimate of E ? div (u; v; t n ), let us consider that both the entropy solution v and the \approximate solution" u are smooth. We also assume that the functions a, b, , and de ning the coe cients of the numerical scheme are smooth functions. In this case, the truncation error TE = TE(u; v; T) can be written as the sum of the following three terms where U(w) = j w j. The functions P and Q satisfy k P k L 1 (R) ; k Q k L 1 (R) ( x) 2 =2: Before estimating the truncation error TE, let us compare it with the (formal) truncation error TE f , which is the sum of the following terms:
We see that the de nition of the (formal) truncation error TE f collapses when v is a nonsmooth function. However, the truncation error TE remains de ned even if v and u are only bounded and measurable. Moreover, in the expression of the truncation error TE, it is possible to integrate by parts very easily due to the fact that the functions v = v(t; x) and u = u(t 0 ; x 0 ) are always evaluated at di erent points; this key feature was introduced by Kru zkov 11] . In order to compensate for this \doubling of the variables," the auxiliary function ' is introduced and is de ned to be an approximation of the product of the Dirac delta functions with support ft = t 0 g and fx = x 0 g respectively; more precisely, '(t; x; t 0 ; x 0 ) = fw((t ? t 0 )= t )= t g f ((x ? x 0 )= x )= x g, where w and are positive, even, smooth functions of unit mass and support in ?1; 1].
We are now ready to estimate TE. d. An explanation of the supraconvergence. To illustrate the idea that allows the supraconvergence phenomenon to take place, we only need to show how to exploit the structure of the term TE cons to obtain a better estimate. Since both terms of TE cons are similar in structure, we concentrate only on the rst:
Note that if we do not want to use the variation of to estimate , we can exploit the fact that it is possible to integrate by parts, this time with respect to x 0 , to get an estimate involving a bound on the L 1 -norm of only. It is this structure of the consistency error (which, as we saw in x2.a, is a re ection of the consistency of the numerical ux and the conservativity of the scheme) what allows the phenomenon of supraconvergence to take place. The price to pay, however, is that we must give up the restriction of not using regularity properties of the approximate solution u, as we show next. At this point, it becomes clear that in order to estimate , we must obtain a bound on the L 1 -norm of u and on its total variation. Since u is the \approximate solution" of a monotone scheme in one-space dimension, it is well-known that we have
With the above regularity property of the \approximate solution", we can obtain TE cons (u; v; T) 4 
The error estimate follows as in the previous section. A discrete version of the above argument can be easily obtained which, under the notation and assumptions of Theorem 2.1, leads to the error estimate:
; which gives the optimal rate of convergence of ( x) 1=2 , as expected. Although the above error estimate is new, we are more interested in the technique to obtain it since it sheds light into the supraconvergence phenomenon. As we have just shown, the optimal rate of convergence of ( x) 1=2 can be obtained even though the scheme is not consistent because the consistency of its numerical ux and its conservativity makes possible for the lack of consistency of the scheme to be compensated by the regularity of its approximate solution u. The fact that the problem is nonlinear does not play any fundamental role in this mechanism. It is easy to verify that we can nd a sequence of functions such that lim ! j j TV (R) = j j TV (R) = 1 + ; (3.4a) lim ! j 0 j TV (R) = j 0 j TV (R) = 2 + + 1= : where C 0 = t n jv 0 j TV (R) and C 1 = C 0 kf 0 (v)k.
To prove this result, we proceed in several steps. ? j x (t; x; t n+1 ; x j ) + t 2 j xt (t; x; t n+1 ; x j ); and~ n j (t; x) = ? j+1=2^ x (t; x; t n+1 ; x j+1=2 ) + j?1=2^ x (t; x; t n+1 ; x j?1=2 ):
To prove this result, we use the fact the v is the entropy solution and make some algebraic manipulations; see the proof of the similar result 4, Proposition 7.9]. Next, we need to relate the functions and^ as de ned in (3.5). The relations we need are displayed in the following result, which can be obtained by using simple Taylor expansions.
Lemma 3.4. We havê (t; x; t n+1 ; x j+1=2 ) = (t; x; t n+1 ; x j ) ? j + 2 j+1 With the above lemma, we can now rewrite the upper bound of E ? div (u h ; v; t N ) as the sum of three terms. The rst, TE visc (u; v; t N ), is that part of the truncation error which contains the information of the viscosity of the numerical scheme. The second term, TE cons (u; v; t N ), contains information concerning the consistency of the numerical scheme; indeed, if the scheme is consistent then TE cons (u; v; t N ) = 0. We emphasize that to de ne this term, the de nition of j+1=2 , (2.5), must be used. The third term, TE h:o:t: (u; v; t N ), contains the high-order terms in the truncation error and, as expected, will be dominated by the term TE visc (u; v; t N ) and TE cons (u; v; t N ). The`consistency' term CONS n j (c; t; x) is given by The proof follows easily from the preceding lemma and conditions (2.3e) and (2.3f). We can now estimate the two remaining terms.
Proof. We only have to prove the rst estimate since the second is similar and the upper bounds for j and~ j given in Lemma 3.13 are identical. To do that, let us rewrite This concludes the proof of Theorem 2.1.
Concluding remarks. In 4]
, we proposed a general theory of a priori error estimates for scalar conservation laws, based on the original Kuznetsov approximation theory 12]. In the present paper, this approach is applied to ux-splitting monotone schemes on (Cartesian products of) nonuniform grids. The nonuniformity of the grids brings up a problem of consistency and supraconvergence that has no counterpart in the case of uniform grids. Indeed, the global error of these schemes seems to be insensitive to the deterioration of the part of the (formal) truncation error due to the lack of consistency of the schemes. This supraconvergence phenomenon has remained unexplained until now. In this paper, we identify the proper truncation error and show that optimal error estimates can be proven without using any regularity property of the approximate solution provided the schemes are \consistent enough." On the other hand, we show that the regularity properties of the numerical approximation can compensate the lack of consistency of the scheme because of the special structure of the part of the truncation error generated by the lack of consistency of the scheme. This special structure does not have anything to do with the nonlinear nature of the problem. Instead, it is a reection of the consistency of the numerical ux and the fact that the scheme is written in conservation form. It is thanks to this that the supraconvergence phenomenon takes place. Let us point out that our analysis does not rule out the possibility of supraconvergence for schemes written in non-conservative form. To settle this question, the tools provided in this paper can be easily used.
The application of our approach to problems de ned on general multidimensional grids, to non-splitting numerical uxes, and to high-order accurate methods are the subject of forthcoming publications.
